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ABSTRACT 
Let S = (xi, x2,. , xn} be a set of distinct positive integers. The matrix (S) 
having the greatest common divisor (xi, xj) of xi and xj as its i,j entry is called the 
greatest common divisor (GCD) matrix on S. The matrix [S] having the least common 
multiple of xi and xj as its i, j entry is called the least common multiple (LCM) 
matrix on S. The set S is factor-closed if it contains every divisor of each of its 
elements. If S is factor-closed, we calculate the inverses of the GCD and LCM 
matrices on S and show that [S] (S)- ’ is an integral matrix. We also extend a result of 
H. J. S. Smith by calculating the determinant of [ S] when (xi, xi> E S for 1 < i, j Q n. 
1. INTRODUCTION 
Let s = Ix,, x2,. . . ) x”} be a set of distinct positive integers. The matrix 
(S) having the greatest common divisor (xi, xj) of xi and xj as its i,j entry is 
called the greatest common divisor (GCD) matrix on S. The study of GCD 
matrices was initiated by Be&n and Ligh [3]. They have shown that every 
GCD matrix is positive definite, and, in fact, is the product of a specified 
matrix and its transpose. An immediate consequence of this factorization for 
the GCD matrix is a result of H. J. S. Smith. Smith showed [lo] that the 
determinant of the GCD matrix (S) on a factor-closed set is the product 
~J(x,)&+. 4,(x,>, h w ere 4 is Euler’s totient function. The set S is 
factor-closed if it contains every divisor of x for any x E S. 
The matrix [S] having the least common multiple [x,, xjl of xi and xj as 
its i, j entry is called the least common multiple (LCM) matrix on S. Smith 
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[lo] also considered the determinant of the LCM matrix on a factor-closed 
set. It was shown to be +(x,)4(x,) *** +( x,)rr( ~,)a( x,) 1.. T(x,~), where rr 
is the multiplicative function which is defined for the prime power p’ by 
?r(pr) = -p. 
From these results one can see that the GCD matrix (S) and the LCM 
matrix [S] are invertible when S is a factor-closed set. In this paper we shall 
obtain a formula for the inverses of these matrices on factor-closed sets. 
It can also be seen from these results that det(S) divides det[ S] whenever 
S is a factor-closed set. We will show that the product of the LCM matrix [S] 
and the inverse of the GCD matrix (S) is an integral matrix (i.e., has integer 
entries) when S is factor-closed. Hence the GCD matrix divides the LCM 
matrix on a factor-closed set. 
Finally, Beslin and Ligh have generalized Smith’s result on GCD matrices 
by calculating the determinant of the GCD matrix on a gcd-closed set [4]. A 
set S is gcd-closed if (xi, xi) E S for 1 < i,j < 12. Clearly, a factor-closed set 
is gcd-closed but not conversely. We will extend Smith’s result on LCM 
matrices by calculating the determinant of the LCM matrix on a gcd-closed 
set. 
2. INVERSES OF GCD MATRICES 
Our study of GCD matrices was motivated by the work of Smith, Beslin, 
Ligh, and Li. Smith [lo] h s owed that the determinant of the GCD matrix (S) 
defined on S = (1,2, . . . , n} is +(I)+(2) -0. 4(n), where 4 is Euler’s totient 
function. He also commented in that paper that this result remains valid if S 
is any factor-closed set. Recently, Beslin and Ligh have shown that every 
GCD matrix is positive definite [3]. Thus if S = (x,, x2, . . . , xn} is any set of 
distinct positive integers, det(S) < xixs *a* x,. This upper bound for the 
determinant of a GCD matrix was sharpened by Li [7], who showed that 
I+**. 4(x,) Q det(S) Q xrxs 0.. r, - n!/2, where the equality 
det(S) = 4(x,)4( x2) *** 4(x,) holds if and only if S is factor-closed. 
These results show that the GCD matrix (S) defined on any set S of 
distinct positive integers is invertible. In this section we calculate the inverse 
of the GCD matrix on a factor-closed set. In Section 5 we will extend this 
result to a gcd-closed set. 
Throughout this paper 4 and p will denote Euler’s totient function and 
the Mijbius function, respectively. The structure of a GCD matrix (S) 
depends on the values 4(d), where d E T and T is a factor-closed set 
containing S. Therefore, it is not surprising to see that these values of 4 can 
be used to calculate the inverse of a GCD matrix. 
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THEOREM 1. Let s = (X-1, X2,. . . ) r ,} be a set of distinct positive inte- 
gers. lf S is factor-closed, then the inverse of the GCD matrix (S) defined on 
S is the matrix A = (aij), where 
1 
aij =x$k 4Gk) -P( ‘k/“i)P( xk/xj)' 
proof. Let the n x n matrices E = (eij) and U = (uij> be defined as 
follows: 
1 
eij = 
if xjlxi, u,, = P(‘i/‘j) if xjlxi> 
0 otherwise, ‘J 0 otherwise. 
Calculating the i, j entry of the product EU gives 
(El.& = i eikukj = c p( “kixj) = c p(xk) 
k=l . XjlXl, *,lxi/x, 
Xkk 
1 
= 
if xj=xi, 
0 othenvise. 
Hence U = E-‘. If A = diag(4(x,), +(x,1,. . , 4(x,)), then by Remark 1 
of [3], (S) = EAET. Th ere ore, (S)-’ = UTA-‘U = (ajj), where f 
aij = (UTA-‘u)ij = k 1 
k=l d+k) UkiUki = x5k +( xk) -p( xk/xi)p( Xk/Xj).m 
EXAMPLE 1. Let S = {1,2,3,6}. Calculating the GCD matrix on S gives 
1 1 1 1 
(S) 1 2 1 = I 113 2 I 3’ 1 2 3 6 
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By Theorem 1, (S)-’ = (ati), where 
1 1 1 1 
“11 =m+ _I - -. = 
442) + 443) + 446) 3 
and 
-1 -1 3 1 1 3 
a21 = -gq + qq = -2> “22=77q+-qq=5’ 
-1 -1 1 1 
a31 = -@y + qq- = -l, 
=- 
a32 (#)(6) = 2’ 
1 1 
a33 = -gq + ygq = 1l 
1 1 -1 1 -1 1 
=- 
u41 4’(6) = 2’ 
=-E-B 
u42 $46) 2 ’ 
=-=-- 
a43 446) 2 ’ 
1 1 
=- 
u44 W) = 2’ 
Therefore, since (S)-’ is symmetric, 
3. INVERSES OF LCM MATRICES 
It follows from Smith’s work [lo] that the determinant of the LCM matrix 
[s] on a factor-closed set S = (xi, x2, . , xn} is 4(r1)4(x2) *a* 
4J(X”)~(X&T(X2)“’ I, where r is the multiplicative function which is 
defined for the prime power p’ by rTT( p’) = -p. Thus the LCM matrix on a 
factor-closed set is invertible, but in general an LCM matrix is never positive 
definite, since its leading principal minor is always negative. Moreover, an 
LCM matrix may not be invertible. For example, if S = {l, 2,15,42}, then 
det[S] = 0. 
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In this section we calculate the inverse of the LCM matrix on a factor- 
closed set. In the following let the function g be defined for each positive 
integer m by 
This function determines the structure of the LCM matrix [S] in almost the 
same way that Euler’s totient function determines the structure of the GCD 
matrix (S). 
THEOREM 2. Let S = {xi, x2,. . , x,,) be a set of distinct positive inte- 
gers. lf S is factor-closed, then the inverse of the LCM matrix [S] defined on 
S is the matrix B = ( bij), where 
Proof. Let 
bij = 
-y.~kk7 xix. 
cL( xk/‘xi>P( '/c/'j)' 
I,lxk 
D = diag(x,, x2,. . , x,). By [2, Theorem 21, [S] = DAATD, 
where A = (aij) is the n X n matrix with ai1 defined as follows: 
a,, = &GJ if 'jl'f 
‘J 
i 0 otherwise. 
If E is the n x n matrix of Theorem 1 and A = diag (g(x, 1, 
g(x,), . ., g(x,N, th en AAT = ( EA112) ( EA’/2)T = EA ET. Therefore, if I’ 
is the matrix of Theorem 1, [S]-’ = D-‘UTA-‘UD-’ = (bij), where 
EXAMPLE 2. Let S = {1,2,3,6}. Calculating the LCM matrix on S gives 
1 
[ 2 
2 3 6 
[sl 2 6 = 
3 6 3 
6 6 6 6 1 6’ 6 
Using Theorem 2 and calculations similar to those of Example 1, we have the 
70 
following: 
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4. A FACTORIZATION OF THE LCM MATRIX 
If S is a factor-closed set, then one can see from Smith’s results that the 
determinant of the GCD matrix on S divides the determinant of the LCM 
matrix on S. In this section we apply the results of Section 2 to show that 
when S is factor-closed the GCD matrix (S) is a factor of the LCM matrix 
[S] in the ring M,(Z) of n X n matrices over the integers. The key to 
obtaining this result is the following lemma. 
LEMMA 1. Let m and r be positive integers and t = r/Cm, r). Z_f 
m = p;‘p;’ . . . p;k is a product of distinct primes pi, then we have the 
following: 
*(m, r) = c [d,rl4m/d) = y4cm, if ppllr for some 1 < i < k 
dlm otherwise. 
Proof. If f is the multiplicative function which is defined for each 
positive integer m by 
d 
f(m) = d; (d, r) p(m/d)> 
then Yr(m, r) = rj(m). F or a prime power p’ (E > 1) we have 
if p’lr, 
otherwise. 
Thus f(m) = 0 if pytlr f or some 1 < i =G k, and is equal to +(m>/(m, r) 
otherwise. ??
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THEOREM 3. Let S = (x,, x2, . . . , rn] be a set of distinct positioe inte- 
gers. Zf S is factor-closed, then the LCM matrix [ Sl is the product of an 
integral matrix and the GCD matrix (S). 
Proof. Let B = (bij) be the tz X n matrix with 
bij = c LP( xk/xj) C [d, xi] P( Xk/d). 
x,/xk 4( ‘k) dlxt 
By Lemma 1 each bij is an integer. We want to show that [S] = B(S). Using 
Theorem 1 we have the following: 
([sl(s)-‘)ij = I? IxiT ‘ml C 
m=l 
X,,,,*L &d xk/xn~)dxk/xj) 
*,lxk 
-p(xk/xj) C id, ‘iICL(Xk/d)’ 
dlrl; 
Thus [S] = B(S). H 
REMARK 1. Since (S) and [Sl are symmetric, we also have [S] = (S)ZIT. 
REMARK 2. If S is not factor-closed, then the LCM matrix [S] may not 
be the product of the GCD matrix (S) and an integral matrix. For example, if 
S = {2,3,5}, then we have the following 
7 2 
ii 
_~ _-+ 
(S)_’ = -+ & _&. . 
[ I -+ -& 5 E 
Therefore ([S](S))‘),, = - fi 
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5. GCD AND LCM MATRICES ON GCD-CLOSED SETS 
Many generalizations of Smith’s result on GCD matrices have been 
published [l, 3,4,6,8,9]. Beslin and Ligh [4] have extended his result by 
showing that the determinant of the GCD matrix defined on the gcd-closed 
set S = {x1, x2,. . , x,,) is the product CY,(Y~ ... CY,,, where 
In fact, we have calculated the inverse of a GCD matrix on a gcd-closed 
set. The proof is similar to Theorem 1. 
THEOREM 4. Let S = {x1, x2,. . , xn} be a set of distinct positive inte- 
ger-s. Zf S is gcd-closed, then the inverse of the GCD matrix (S) defined on S 
is the matrix A = (aij), where 
‘ikCjk 
aij= C- 
bk ’ 
with bi = c 4(d) and cli = c p(d). 
%Ixk 
Xjhk 
Proof. Let C = (cij>, and E be the matrix defined in Theorem 1. 
Calculating the i, j entry of the product CET gives 
k-1 XklXj dx,lx,, 
dx,%x, 
*tixk 
Suppose ex,lrj, 
gcd-closed, X, 
and let {x, : e3c,lx, and x,lxj] = {tl, t,, . . . , t,). Since S is 
= (t,, t,, . , t,> E S. By our choice of ral, ex,lx,, but exixt 
for rt < x,. Thus CL(e) is one term in (1). Furthermore, if exilxt and x,lrj 
for some xt # x,, then e~~lx, and r,,, <x,. Hence the term CL(e) occurs 
exactly once in (1). Therefore we have the following: 
(CET)ij = C F(d) = 
dlx,/x, 
i ibth2isIi’ 
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Hence CT = E-‘. If B = &ag(b,, b,, . , b,), then from [4, Theorem l] it 
follows that(S) = EBET. Therefore, (S)-’ = CB-‘CT. ??
Our next result will generalize Smith’s result on LCM matrices by 
calculating the determinant of an LCM matrix on a gcd-closed set. 
THEOREM 5. Let S = {x1. x2,. . . , xJ be a set of distinct positive inte- 
gers. If S is gcd-closed, then 
det[ S] = 1G r;q, where ai = C g(d). 
dlx, 
rl+x, 
X,<l, 
Proof. Since the determinant of the LCM matrix defined on S is 
independent of the order of the elements in S, we may assume that 
xi < x2 < *** < x,,. Let D = diag(x,, x2,. . . , x,), and define the n x n 
matrix A = (Sij) via 
aij = Qi if xi/xi, 
0 otherwise. 
If E is the matrix of Theorem 1, we have the following: 
(DEAD)ij = xixj i eikakj = xixj C ‘ok. 
k=l qKx,.x,) 
By an argument similar to the one in the proof of [3, Proposition 11, 
c ffk = c g(d). 
XkKIj, Xj) clKx,, x ) 
From the Mijbius inversion formula, Cdlm g(d) = l/m. Thus [S] = DEAD. 
Therefore, since E and A are triangular matrices with e,, = I and 6,, = cq, 
we have det[S] = llF==, rfq. ??
COROLLARY 1 (Smith [lo]>. Let S = {xl, x2, . , . , x,1 be a factor-closed 
set, and [S] be the LCM matrix defined on S. Then det[ S] = 
l-l:= 1 T(xi)+(xi). 
In general an LCM matrix need not be invertible, as was pointed out in 
Section 3. Although the determinant of an LCM matrix on a gcd-closed set 
can be calculated using Theorem 5, it is not clear that the product (pi CQ a*. cr,, 
is always nonzero. Hence we make the following conjecture. 
CONJECTURE. The LCM matrix on a gcd-closed set is invertible. 
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